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We investigate LL superlatties, a periodi struture omposed of two kinds of one-dimensional
systems of interating eletrons. We alulate several properties of the low-energy setor: the ef-
fetive harge and spin veloities, the ompressibility, various orrelation funtions, the Landauer
ondutane and the Drude weight. The low-energy properties are subsumed into eetive param-
eters, muh like homogeneous one-dimensional systems. A generi result is the weighted average
nature of these parameters, in proportion to the spatial extent of the underlying subunits, pointing
to the possibility of engineered strutures. As a spei realization, we onsider a one-dimensional
Hubbard superlattie, whih onsists of a periodi arrangement of two long Hubbard hains with
dierent oupling onstants and dierent hopping amplitudes. This system exhibits a rih phase
diagram with several phases, both metalli and insulating. We have found that gapless insulating
phases are present over a wide range of parameters.
PACS numbers: 71.10.Pm, 71.10.Fd, 71.30.+h, 73.22.-f, 73.63.-b
I. INTRODUCTION
The physis of one-dimensional eletroni systems has
been the subjet of a vigorous onslaught reently, both
theoretial and experimental. Experimentally, the ability
to grow nanostrutures suh as quantum wires
1,2,3
and
arbon nanotubes
4,5,6,7,8,9
has enabled, for the rst time,
the investigation of systems of a truly one-dimensional
nature. On the theoretial side, the peuliarities of the
behavior of interating eletrons in one dimension have
ulminated in the proposal of a unique universality lass
dubbed the Luttinger liquid
10,11,12,13,14,15,16
(LL), whih
stands in sharp ontrast with the higher dimensional
Fermi liquids established by Landau. The LL is hara-
terized by the absene of stable quasi-partiles, its low-
energy setor being exhausted by olletive harge and
spin density exitations. Sine the latter travel at dif-
ferent veloities, an added eletron splits up into well
separated harge and spin degrees of freedom. Further-
more, orrelation funtions deay in a power law fash-
ion, with exponents set by only a few parameters. This
generi behavior has been tested and onrmed in the
ase of edge transport in systems whih exhibit the fra-
tional quantum Hall eet.
17,18,19,20,21
LL theory has also
been suessfully used to desribe some low-energy prop-
erties of arbon nanotubes,
22,23,24
though the situation
in quantum wires remains ontroversial.
25,26
The eet of boundary onditions on the low-energy
properties of LL's was rst onsidered several years ago.
27
Moreover, the interplay between boundary, nite-size,
and thermal eets has been shown to alter onsiderably
the properties of the system.
28,29
In partiular, the zero-
temperature ritial behavior of the bulk always rosses
over to a boundary dominated regime. These studies
are important to explain the experimental results of tun-
neling spetrosopy into one-dimensional systems. More
reently, it has been proposed that one-dimensional sys-
tems with gapless degrees of freedom and open boundary
onditions form a new universality lass of quantum rit-
ial behavior alled `bounded Luttinger liquids'.
30
A partiular kind of boundary eet emerges in the
ase of inhomogeneities. In general, an inhomogeneous
LL is modeled by allowing the veloities of olletive ex-
itations uρ and uσ and the orrelation exponents Kρ
and Kσ to vary in spae. The absene of ondutane
renormalization in long high-mobility GaAs wires, for in-
stane, has been analyzed and explained in terms of an
inhomogeneous LL model, where the Fermi liquid leads
are replaed by a non-interating one-dimensional ele-
tron gas.
31,32,33,34,35
Furthermore, LL's with dierent in-
homogeneity proles have also been used in the ontext of
the frational quantum Hall eet, to desribe transitions
between edge states at dierent llings,
36,37
or between
an edge state and a Fermi liquid.
38
With an eye to pratial appliations as diodes or tran-
sistors, researhers have reently begun to fabriate het-
erojuntions of arbon nanotubes
23,39,40,41,42,43,44
whih
look espeially promising. They happen to be another re-
alization of an inhomogeneous one-dimensional system.
Taking this idea one step further, we have been led to
onsider another kind of heterostruture: a superlattie.
The eet of eletroni orrelations in superlatties was
initiated through a one-dimensional Hubbard-like model
alled a Hubbard superlattie (HSL),
45,46,47
onsisting of
a periodi arrangement where the Hubbard on-site repul-
sion U is turned on and o in a repeated fashion. De-
spite its simpliity, a number of remarkable features were
found, in marked ontrast with the otherwise homoge-
neous system: loal moment weight an be transferred
from repulsive to free sites, spin density wave (SDW)
2quasi-order is wiped out as a result of frustration, and
strong SDW orrelations (in a subset of sites) ould set in
above half-lling. Furthermore, the evolution of the loal
moment and of the harge gap, together with a strong-
oupling analysis, showed that the eletron density at
whih the system beomes a Mott insulator inreases
with the size of the free layer relative to the repulsive
one. More reently, the possibility of a periodially mod-
ulated hopping at arbitrary lling and magnetization has
been onsidered.
48
In order to generalize the eets of a superlattie stru-
ture in an interating one-dimensional system, we on-
sider here a general Luttinger liquid superlattie (LLSL),
making at rst no referene to the underlying mirosopi
details. We show how its low-energy properties bear
strong resemblane to a onventional Luttinger liquid.
However, as in the ase of bounded Luttinger liquids,
30
new eetive parameters have to be introdued, whih
are the superlattie analogues of the spin and harge ve-
loities and stinesses. These enode all the informa-
tion neessary for a desription of the low-energy setor.
Moreover, these eetive parameters turn out to mix the
properties of the underlying sub-units in proportion to
their spatial extent. This spatial averaging harater-
isti suggests the possibility of ne-tuning the physial
properties by a areful seletion of the superlattie mod-
ulation, a feature whih may prove useful in nano-devie
appliations. We then onsider spei realizations of the
LLSL by analyzing in full detail a general HSL. We nd
a proliferation of phases, both metalli and insulating.
Surprisingly, the insulating phases often have no harge
gap, beause additional harge an be aommodated in
the ompressible sub-units. A partial aount of these
results has appeared in Ref. 49.
The paper is organized as follows: In Se. II, we intro-
due the bosoni formulation of the Tomonaga-Luttinger
model and our model. We obtain the eetive harge
and spin veloities, the orrelation funtions with the ef-
fetive exponents and the Drude weight for LL superlat-
ties. The appliation of these results to various ases
where the LL desribes the low-energy setor of a Hub-
bard model is analyzed in Se. III. We lose with the
onlusions in Se. IV.
II. THE MODEL
We briey review the general aspets of a homogeneous
LL in order to set up the notation. The low-energy, large-
distane behavior of a one-dimensional fermioni system
with spin-independent interations is desribed by the
Hamiltonian
10,11,12,13,14,15,16
H = Hρ +Hσ +
2g1
(2πα)2
∫
dx cos(
√
8Φσ), (1)
where α is a short-distane uto, g1 is the spin
bakward-sattering amplitude, and
Hν =
∫
dx
(
πuνKν
2
Π2ν +
uν
2πKν
(∂xΦν)
2
)
, (2)
with ν = ρ and σ for the harge and spin degrees of
freedom, respetively.
The phase elds are
Φν(x) = − iπ
L
∑
p6=0
1
p
e−α|p|x/2−ipx[ν+(p) + ν−(p)]−Nν πx
L
,
(3)
and
Πν(x) =
1
L
∑
p6=0
e−α|p|x/2−ipx[ν+(p)− ν−(p)] + Jν
L
. (4)
Here ρr(p) [σr(p)] are the Fourier omponents of the
harge- (spin-) density operator for the right- (r = +)
and left- (r = −) branhes of moving fermions. Introdu-
ing the total number operators (measured with respet to
the ground state) Nrs for branh r and spin s, the total
(harge and spin) number and urrent operators Nν , Jν
are
Nν =
1√
2
[(N+,↑ +N−,↑)± (N+,↓ +N−,↓)], (5)
and
Jν =
1√
2
[(N+,↑ −N−,↑)± (N+,↓ −N−,↓)], (6)
where the upper and lower signs orrespond to ν = ρ and
σ, respetively.
The operators Φν and Πν in Eqs. (1) and (2)
obey Bose-like ommutation relations: [Φν(x),Πµ(y)] =
iδνµδ(x − y). Consequently, at least for g1 = 0, Eq. (1)
desribes independent long-wavelength osillations of the
harge and spin density, with linear dispersion relations
ων(k) = uν |k|, (uν is the veloity of elementary exita-
tions) and the system is onduting. The only nontrivial
interation eets in (1) ome from the osine term. How-
ever, for repulsive SU(2) invariant interations (g1 > 0),
this term is renormalized to zero in the long-wavelength
limit, and at the xed point one has K∗σ = 1. The three
remaining parameters in (1) then ompletely determine
the long-distane properties of the system; in partiular,
Kρ determines the long-distane deay of all the orrela-
tion funtions of the system.
We now onsider a LLSL, onsisting of a repeated pat-
tern of two dierent LL's with parameters uλ,ν , Kλ,ν and
sizes Lλ (λ = 1, 2) perfetly onneted (Fig. 1). We use
the adiabati approximation, in whih the sale of the
inhomogeneity between the two liquids is muh larger
than the Fermi wavelength 2π/kF . Thus, the single-
partile baksattering from the inhomogeneities an be
negleted. Aordingly, the low-energy properties of this
32
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Figure 1: Shemati representation of a Luttinger liquid su-
perlattie. Here, uλ,ν , Kλ,ν and Lλ are the veloities, inter-
ation parameters and sizes of two Luttinger liquids (λ=1,2).
LLSL are desribed by generalizing the usual bosonized
Hamiltonian of Eq. (1) as follows:
H =
1
2π
∑
ν=ρ,σ
∫
dx
{
uν(x)Kν(x) (∂xΘν)
2
+
uν(x)
Kν(x)
(∂xΦν)
2
}
, (7)
where the sum extends over separated harge- (ν = ρ)
and spin- (ν = σ) degrees of freedom, eah of whih
with interation- and layer-dependent parameters uν(x)
and Kν(x). For x on the rst (seond) `layer' one has
Kν(x) = K1,ν(K2,ν) and uν(x) = u1,ν (u2,ν).
The boson phase elds Φν are related to the harge and
spin densities, ρ and σ, through
√
2∂xΦν(x)/π = ν, while
Θν is suh that ∂xΘν is the momentum eld onjugate to
Φν : [Φν(x), ∂yΘµ(y)] = iδν,µδ(x−y). Note that Πν(x) =
∂xΘν(x) in Eqs. (1) and (4).
The equations of motion for the elds Φν and Θν are
∂tΦν = uν(x)Kν(x)∂xΘν , (8)
∂tΘν =
uν(x)
Kν(x)
∂xΦν , (9)
whih illustrate their duality under the replaement
Kν (x)→ 1/Kν (x). Substituting (9) into (8) yields
∂ttΦν − uνKν∂x
(
uν
Kν
∂xΦν
)
= 0, (10)
and a similar equation for Θν .
We now have to set up the mathing equations at the
interfaes between layers. The equations of motion lead
to the ontinuity of Φν and Θν and their time deriva-
tives. The right hand sides of Eqs. (8-9) yield, as addi-
tional onditions, the ontinuity of both (uν/Kν) ∂xΦν
and uνKν∂xΘν at the ontats. Note that the onti-
nuity of Φν and Θν guarantees that of the fermioni
eld.
31,32,33
Physially, these boundary onditions sim-
ply enode the onservation of both harge and spin ur-
rents jν =
√
2∂tΦν/π (sine we are negleting Umklapp
proesses and baksattering of eletrons with opposite
spin). We stress that, under these onditions, these are
the only universal requirements on the elds, irrespetive
of the atual interfae potentials.
The superlattie struture is inorporated into the so-
lution of the equations of motion in a way ompletely
analogous to the disussion of reetion and transmission
in the Kronig-Penney model. That is, we diagonalize the
Hamiltonian (7) by expanding the phase elds in normal
modes
Φν(x, t) = −i
∑
p6=0
sign(p)
φp,ν(x)
2
√
ωp,ν
[
b−p,νeiωp,νt + b†p,νe
−iωp,νt]− φ0,ν(x) + γλνt, (11)
Θν(x, t) = i
∑
p6=0
θp,ν(x)
2
√
ωp,ν
[
b−p,νeiωp,νt − b†p,νe−iωp,νt
]
+ θ0,ν(x)− τλνt, (12)
where b†p,ν , are boson reation operators (p > 0). The
normal mode eigenfuntions φp,ν(x) and eigenvalues ωp,ν
satisfy
ω2p,νφp,ν(x) + uνKν∂x
(
uν
Kν
∂xφp,ν
)
= 0, (13)
[obtained by taking (11) into (10)℄, subjet to the same
boundary onditions at the ontats as before, with
φp,ν(x) replaing Φν(x). The eigenvalues are given by
cos p(L1 + L2) = cos(
ωp,νL2
u2,ν
) cos(
ωp,νL1
u1,ν
)
− ∆ν
2
sin(
ωp,νL2
u2,ν
) sin(
ωp,νL1
u1,ν
), (14)
where ∆ν = ην + η
−1
ν and ην = K1,ν/K2,ν. For p ≪
π/(L1+L2), the dispersion relation of the LLSL is linear,
4i.e., ων(p) = cν |p|, with an eetive veloity
cν =
u1,ν(1 + ℓ)√
1 + ∆νℓu1,ν/u2,ν + (ℓu1,ν/u2,ν)
2
, (15)
where ℓ ≡ L2/L1; learly, cν → u2,ν as ℓ → ∞, and
cν → u1,ν as ℓ → 0. Also, from Eq. (14) it follows that
the spetrum of elementary exitations of a LLSL has
bands and gaps, reeting the superlattie struture. In
this regard, it should be mentioned that, for a Luttinger
liquid with a periodially modulated partile density, the
presene of a plasmon gap was reported.
50
Here, we will
fous only on the low energy properties of the LLSL.
On the other hand, the zero mode funtions φ0,ν(x)
and θ0,ν(x), satisfy
τλν =
uν(x)
Kν(x)
∂xφ0,ν(x), (16)
γλν = uν(x)Kν(x)∂xθ0,ν(x), (17)
whih follow from Eqs. (8) and (9). While for the homo-
geneous system one has
φ0,ν (x) = π
Nν
L
x, (18)
and
θ0,ν (x) = π
Jν
L
x, (19)
for the LLSL there will be, in general, an inhomogeneous
periodi density prole. As we will see, there is a ten-
deny for the harge to aumulate more in the less in-
terative layer. Thus, the zero mode funtions will reet
this inhomogeneity.
51
Now, sine eah layer is a LL, φ0,ν
and θ0,ν will vary in suh a way that ∆φ0,ν = πNλν
and ∆θ0,ν = πJλν aross eah layer λ, with layer-spei
number and urrent operators. We then obtain
φ0,ν(x) = Am,λν +
πNλνx
Lλ
, (20)
θ0,ν(x) = Bm,λν +
πJλνx
Lλ
, (21)
where
Am,λν =


(m− 1)πL2
(
N2ν
L2
− N1νL1
)
if λ = 1,
mπL1
(
N1ν
L1
− N2νL2
)
if λ = 2,
(22)
with an analogous expression for Bm,λ,ν obtained with
the replaement of Nλ,ν by Jλ,ν . Here m = 1, 2, 3, ....
labels the unit ell. Analogously, from Eqs. (8) and (9)
we have
γλν = πuν(x)Kν(x)
Jλν
Lλ
, (23)
τλν = π
uν(x)
Kν(x)
Nλν
Lλ
. (24)
In a LL, the ground state value of τρ measures the harge
ompressibility, whereas τσ is related to the spin susep-
tibility. Considering the LLSL zero modes [Eqs. (20) and
(21)℄ and the Hamiltonian (7) we nd that the superlat-
tie ompressibility is given by
1
κs
=
1 + ℓ
κ1 + ℓκ2
, (25)
where κλ = 2Kλ,ρ/πuλ,ρ is the ompressibility of eah
layer. Clearly κs is nothing but an average of the indi-
vidual ompressibilities weighted by the layer lengths.
Interations in a one-dimensional system an enhane
harge density or superonduting utuations depend-
ing on whether they are repulsive or attrative. Let us
then onsider the orrelation funtions for the LLSL at
T = 0. The asymptoti (i.e., for well separated x and y)
behavior of the density-density orrelation funtion is
〈n(x)n(y)〉 ∼ αρ
π2 |x− y|2 +A1
e2i(φ(x)−φ(y))
|x− y|K∗ρ+K∗σ
+ A2
e4i(φ(x)−φ(y))
|x− y|4K∗ρ
, (26)
where
K∗ν =
√
1 + ∆νℓu1,ν/u2,ν + (ℓu1,ν/u2,ν)
2
1
K1,ν
+ ℓ 1K2,ν
u1,ν
u2,ν
≡ f(K1,ν ,K2,ν), (27)
αν = K
∗
ν

 1 + ℓ
K1,ν
K2,ν
+ ℓ
u1,ν
u2,ν


2
×


(
K1,ν
K2,ν
)2
if x and y ∈ 1,
K1,νu1ν
K2,νu2ν
if (x, y) ∈ (1, 2),(
u1ν
u2ν
)2
if x and y ∈ 2,
(28)
and φ(x) = kFx−φ0,ρ(x). The seond and third terms on
the right-hand side of Eq. (26) respetively orrespond to
the 2kF and 4kF orrelations in the homogeneous ase.
And, similarly to the homogeneous system, the former
dominate over the latter for K∗ρ ≥ 13 (see, however, Ref.
52).
The orrelation funtions for spin-spin, singlet (SS)
and triplet (TS) superonduting pairing are given by
〈S(x).S(y)〉 ∼ ασ
π2 |x− y|2 +B1
e2i(φ(x)−φ(y))
|x− y|K∗ρ+Kσ
+ B2
e2i(φ(x)−φ(y))
|x− y|K∗ρ+K∗σ
, (29)
〈
O†SS(x)OSS(y)
〉
=
〈
O†TS0(x)OTS0 (y)
〉
(30)
∼ C1
|x− y|Kρ+K∗σ
, (31)
〈
O†TS±1(x)OTS±1 (y)
〉
∼ C2
|x− y|Kρ+Kσ
, (32)
5where Kν = f(1/K1,ν, 1/K2,ν) [Eq. (27)℄, reeting the
duality properties (in the homogeneous limit we have
Kν → 1/Kν). One should note that the orrelation fun-
tions depend not only on the dierene x − y, but also
on the atual positions x and y, through the zero mode
funtions. It is interesting to note that, even though
we now have new eetive oupling onstants (K∗ν ,Kν),
the saling laws between the exponents of the orrelation
funtions are not broken by the superlattie struture. In
other words, the replaement Kν → K∗ν and K−1ν → Kν
in the exponents of the orrelation funtions of the ho-
mogeneous system yields the exponents given above for
the superlattie.
Finally, we disuss the onduting properties. Let us
rst onsider a LLSL in the presene of a weak external
spae- and time-dependent eletrostati potential V (x, t),
suh that the eletri eld E(x, t) = −∂xV (x, t). The
interation of the fermions with V (x, t) is desribed by a
soure term
Hext = −e
∫
dxρ(x)V (x, t). (33)
Now the equation of motion for Φρ is
31,32,33,34
[
− ∂tt
uρ (x)Kρ (x)
+ ∂x
(
uρ (x)
Kρ (x)
∂x
)]
Φρ(x, t) = −eE(x, t).
(34)
Dening the bosoni Green's funtion
G(x, y, t) = −iθ(t) 〈[Φρ(x, t),Φρ(y, 0)]〉 , (35)
the nonloal ondutivity is given by
σ(x, y, t) = −2g0
π
∂tG(x, y, t), (36)
where g0 = e
2/h is the ondutane quantum. First, we
onsider the usual order of limits, taking q → 0 before
ω → 0, whih yields the Drude weight, appropriate for a
situation of a uniform stati eletri eld.
53
In this ase
σ(q = 0, ω → 0) = 2g0cρK∗ρδ(ω), (37)
whih has the same form as for the homogeneous ase,
54
but with the eetive veloity and eetive exponent re-
plaing the orresponding uniform quantities uρ and Kρ.
Taking the limits in the reverse order yields the Landauer
ondutane, whih orresponds to a situation where an
eletri eld is applied to a nite region of the sample.
53
In the LLSL we have
σ(q → 0, ω = 0) = 2g0K∗ρδ (q) , (38)
whih is similar to the homogeneous ase,
55
exept that
the eetive exponent appears. Naturally, the ondu-
tane renormalization of Eq. (38) is usually hidden in the
presene of Fermi liquid leads.
31,32,33
However, it should
be aessible in AC measurements, if ω > cρ/L, the in-
verse traversal time of the sample.
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Figure 2: Shemati representation of Hubbard superlatties.
In (a) the hopping is uniform but the interation is Uλ in the
λ sub-hain. In (b) the interation is uniform, whereas the
hopping an assume two values.
III. HUBBARD SUPERLATTICES
For the sake of illustrating the LLSL with a spei
realization, we now disuss a one-dimensional Hubbard
superlattie (HSL).
45,46,47,48
We rst onsider a periodi
arrangement of L1 sites in whih the on-site oupling is
U1 ≥ 0, followed by L2 others with on-site oupling U2 >
0; the hopping parameter, t, is uniform, as shown in Fig.
2(a). We subsequently onsider the on-site interation
as being uniform but the hopping integrals as periodi:
t1 between L1 sites, followed by t2 between L2 sites; see
Fig. 2(b).
Both ases above are ontemplated if one writes the
Hamiltonian as
H = −
∑
i,σ
ti,i+1(c
†
iσci+1σ +H.c.) +
∑
i
Ui ni↑ni↓, (39)
where, in standard notation, i runs over the sites of
a one-dimensional lattie, c†iσ(ciσ) reates (annihilates)
a fermion at site i in the spin state σ =↑ or ↓ and
niσ = c
†
iσciσ. It is important to notie that the SL stru-
ture breaks partile-hole symmetry.
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The homogeneous
Hubbard model, in a grand-anonial ensemble desrip-
tion, is invariant under a partile-hole transformation[
ciσ → c†iσ(−1)i
]
only when µ = U/2. In the superlat-
tie ase, a uniform hemial potential annot ensure this
symmetry throughout the whole system. Instead, under
a partile-hole transformation the system is mapped onto
a dierent one with a spatially modulated hemial po-
tential.
A weak oupling perturbation theory, similar to that
for the homogeneous model an be used to show that
Eq. (7) indeed desribes the low energy and small mo-
mentum setor of the disrete model of Eq. (39) in the
limit of long layers; see the Appendix. Then, in Eq. (7)
one has Kν(x) = Kλν and uν(x) = uλν for x on the
layer λ = 1, 2, where Kλν and uλν are the usual uni-
form weak oupling LL parameters for eah layer. It is
by now well established that a LL desription is appro-
priate for the low-energy setor of the Hubbard model,
6even in the strong oupling limit U → ∞.54 Now, eah
long Hubbard sub-hain is still a nite-sized LL, though
onneted to partile reservoirs at eah end.
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We there-
fore make the quite reasonable assumption that the above
LLSL desription remains valid even in the strong ou-
pling limit. With respet to magneti properties, the
superlattie struture (with repulsive interations) does
not break SU(2) symmetry, so that the inhomogeneous
Kσ is still expeted to renormalize to Kσ → 1.
Beause eah sub-hain is an open LL, there will be
a ertain amount of harge redistribution between them,
leading to a non-uniform harge prole. Let us rst on-
sider the speial ase of two layers only [with parameters
(U1, t1) and (U2, t2)℄ initially disonneted and with the
same initial density n = N/L. In general, these two sub-
systems will not have the same hemial potential. We
then bring them in ontat with eah other, so that par-
tile exhange is allowed. Eletrons will ow from one
system to the other until their hemial potentials ex-
atly math:
µ(t1, U1, n1) = µ(t2, U2, n2), (40)
where µ and nλ are the hemial potential and the equi-
librium densities of eah layer, respetively. This is just
the ondition for thermodynami equilibrium. Naturally,
onservation of total harge ditates that
n1 + ℓn2 = n(1 + ℓ). (41)
In order to determine n1 and n2, we must solve simul-
taneously Eqs. (40) and (41). The extension to the ase
of more than two layers leads to no modiations of the
above equations and the harge prole will be periodi
with the densities determined as above.
The dependene of µ on the density n and on the in-
teration U an be obtained from the exat solution of
the homogeneous Hubbard model.
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As a funtion of n,
the hemial potential µ(t, U, n) inreases monotonially
and is disontinuous at half-lling, where it jumps from
µ−(t, U) to µ+(t, U) = U −µ−(t, U). Thus, the homoge-
neous model is a Mott insulator at half-lling. µ−(t, U)
is the lower hemial potential at half-lling, given by
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µ−(t, U) = 2t− 4t
∫ ∞
0
J1(ω)dω
ω[1 + e
1
2
ωU/t]
, (42)
where J1(ω) is a Bessel funtion. To inrease the partile
number above half-lling, we need to pay an energy given
by
∆H = µ+(t, U)− µ−(t, U) = U − 2µ−(t, U), (43)
whih is the quasipartile gap. For later use, we also
quote the hemial potential of the non-interating ase,
µ(t, 0, n) = −2t cos
(πn
2
)
. (44)
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Figure 3: Phase diagram of a Hubbard superlattie with
U1 = 0 and t1 = t2 = t for two layer length ratios: ℓ = 0.5 and
2. For eah ℓ, there are two metalli phases and two insulating
ones. The two dots loate (Uc, nc), where Uc/t = 3.2309 and
nc = (2 + ℓ) / (1 + ℓ) .
A. The U1 = 0 ase
We rst onsider the ase in whih one of the layers
is `free' (U1 = 0) and take t1 = t2 = t for simpliity.
Figure 3 shows the phase diagram for ℓ = L2/L1 = 0.5
and 2; the ase ℓ = 1 has been disussed in Ref. 49. For
the sake of omparison, one should also keep in mind
the phase diagram for the homogeneous LL, in whih
there is a single gapped (Mott) insulating phase for any
non-zero repulsion at half-lling; upon either eletron-
or hole-doping the system beomes metalli. In what
follows, we start with a qualitative disussion of the phase
diagram, after whih we provide the details of how the
boundaries and speial points are determined.
In the ase of a superlattie, while for n < 1 the sys-
tem is always metalli, interesting metal-insulator tran-
sitions have been found for n > 1, as displayed in Fig.
3. Indeed, for a density n just above half-lling, the sys-
tem is still metalli, with more partiles oupying the
free layer than the repulsive one in order to derease the
overall eletroni repulsion: One has n1 > 1 and n2 < 1,
as shown in Fig. 4. As the density is inreased for given
ℓ and U2, eletrons will be aommodated in both layers
without aeting the metalli harater; see Figs. 3 and
4. This will persist until the repulsive layer is half lled
(n2 = 1), when it beomes a Mott insulator. Reall that
an insulating phase in one of the subsystems is signalled
in Fig. 4 by a horizontal plateau in the orresponding
ni(µ) (i = 1, 2) plots. The system as a whole is therefore
an insulator, sine it an be thought of as a series ar-
rangement of resistors. However, the unusual fat is the
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Figure 4: Partile densities for the ℓ = 2 Hubbard superlat-
tie with U1 = 0, as funtions of the hemial potential: n
is the overall harge density (full lines), n1 is the density at
free sites (short-dashed urves), and n2 is the density at re-
pulsive sites (long-dashed urves). Two ases are onsidered:
(a) U2 = 2t < Uc, and (b) U2 = 4t > Uc.
gapless nature of this insulating phase: harge an be
aommodated in the free layer at no energy ost, sine
the system is ompressible (∂n/∂µ 6= 0) in this range of
n; see Fig. 4.
As the density is further inreased, the system re-
sponds in two dierent ways, depending on whether U2
is larger or smaller than Uc ≡ 3.2309t (for all ℓ); see Figs.
3 and 4. If U2 < Uc [Fig. 4(a)℄, the insulating state an
only be sustained up to a limited amount of additional
harge; that is, as long as it is energetially favorable to
aommodate this extra harge in the free layer, while
keeping n2 = 1. Further inrease in n soon leads to an
inrease in the oupation of the repulsive layer (with
2 > n1 > n2 > 1) and the system reenters an overall
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Figure 5: The Mott-Hubbard gap at n = nc as a funtion of
the on-site oupling for both the homogeneous model (dashed
line) and the superlattie (full line). This behavior is the same
for all ℓ.
metalli phase. This metalli harater will be lost again
for larger n, when the free layer beomes ompletely full
(n1 = 2, 1 < n2 < 2), with the superlattie displaying
insulating behavior. Again, this insulating phase is gap-
less.
If U2 > Uc [Fig. 4(b)℄, on the other hand, all added
eletrons will be aommodated in the free layer (1 <
n1 < 2, n2 = 1), so that the superlattie remains in the
state of a gapless insulator. Further inrease in the ele-
tron density leads to the free layer beoming a band insu-
lator (n1 = 2), while keeping the repulsive one pinned at
half-lling; the density, nc, at whih this ours depends
on the aspet ratio, ℓ, and is given by [.f., Eq. (41) and
Refs. 46,47℄ nc = (2 + ℓ) / (1 + ℓ). Only at this speial
density does the superlattie beome a Mott insulator,
sine it is inompressible (∂n/∂µ = 0); see Fig. 4(b). For
n > nc, the free layer remains ompletely full, so that all
added eletrons go to the repulsive layer; the superlattie
behaves again as a gapless insulator.
At this point it is worth ommenting that the phase di-
agram of Fig. 3 diers in two aspets from the one found
for thin layers, obtained by means of Lanzos diagonal-
izations: In Ref. 46 no gapless insulating phases were
probed, and the insulating phase for n = nc was found
to extend down to any U2 > 0. The former dierene is
due to the fat that only gapped insulating phases were
probed, while the latter an be traed bak to nite-size
eets.
Let us now ll in the details on how the lines and spe-
ial points of Fig. 3 are determined. The dotted horizon-
tal line at n = nc is obtained by setting both n1 = 2 and
n2 = 1. However, this ondition an only be obtained if
U2 > Uc, where Uc is determined impliitly by (see Fig.
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Figure 6: The orrelation exponent K∗ρ as a funtion of the
density n for U1 = 0, U2/t = 2 and ℓ = 0.5, 2.
4)
µ+(t, Uc) = µ(t, 0, n1 = 2) = 2t. (45)
Sine neither Eq. (45) nor Eq. (42) depends on ℓ, this
ondition yields the same Uc ≈ 3.23097t for any nite
aspet ratio.
Besides, for U2 < Uc, the system is always gapless.
For U2 > Uc and n = nc, the system shows a Mott-
Hubbard gap given by the energy dierene between the
highest oupied state, whih is the upper edge of the
non-interating band at 2t, and the lowest unoupied
level, whih is the higher hemial potential of the half-
lled Hubbard hain at µ+(t, U2)
∆S = µ+(t, U2)− 2t = U2 − 2t− µ−(t, U2). (46)
For the one-dimensional Hubbard model, one has ∆H ∼
(8
√
tU/π) exp(−2πt/U) in weak oupling and ∆H ∝ U
in strong oupling. For the HSL, we found that ∆S is
linear with U2 for large U2 and is always lower than the
gap of the orresponding homogeneous system; see Fig. 5.
The two metalli phases are haraterized by n1 <
2, n2 < 1 (lower one) and n1 < 2, n1 > 1 (upper one).
The metal-insulator transition (MIT) lines an therefore
be obtained by means of Eqs. (40), (41), the Lieb-Wu
hemial potential µ (t, U2, n2) and (44). Therefore, in
Fig. 3, (i) n′ is the line in whih the lower Hubbard band
of the interating sub-hain beomes fully oupied, (ii)
n′′ is the one in whih the upper Hubbard band starts to
ll, and (iii) n′′′ is the line in whih the non-interating
sub-hain lls up. Thus,
µ− (t, U2) = −2t cos
(π
2
[(1 + ℓ)n− ℓ]
)
, (47)
µ+ (t, U2) = −2t cos
(π
2
[(1 + ℓ)n− ℓ]
)
, (48)
2t = µ
(
t, U2,
(1 + ℓ)n− 2
ℓ
)
. (49)
The LL desription of Se. II is only valid in the metal-
li regions of the phase diagram, where no gap is present
in either the spin or the harge setors. In these regions,
we have
cρ =
vF (1 + ℓ)√
1 + ∆ρℓvF /u2,ρ + (ℓvF /u2,ρ)
2
,
cσ =
vF (1 + ℓ)
1 + ℓvF /u2,ρ
,
where vF is the Fermi veloity. When the insulating
phase is approahed from the lower metalli region (see
Fig. 3), cρ → 0 as a result of u2,ρ → 0 in the interating
layer. In Fig. 6, we show the eetive exponent K∗ρ as a
funtion of the lling n. For any ℓ, both metalli phases
have 1/2 < K2,ρ < K
∗
ρ < 1 and the harge and spin or-
relation funtions deay faster than in the homogeneous
system. This is a diret onsequene of the `weighted
average' harater of the eetive exponent K∗ρ . By the
same token, for a given n on the lower metalli phase, K∗ρ
dereases as ℓ inreases. In the upper metalli phase, K∗ρ
always tends to the non-interating value of 1 as the up-
per insulating region is approahed; for the superlattie
with larger ℓ, K∗ρ reahes 1 at a lower overall density.
B. The general ase: U2 ≥ U1 6= 0
We now onsider a more general HSL, with dif-
ferent non-vanishing oupling onstants on eah layer
(U1 6= U2), while keeping the same hopping amplitude
t throughout the lattie (Fig. 2(a)). Using one again
the exat expression for the hemial potential as a fun-
tion of both U and n,57 we have determined the harge
prole of the superlattie system. The harge tends to
aumulate in the layer with the smaller oupling, whih
we hoose to all layer 1. This is rather intuitive, sine
eletrons derease their mutual repulsion energy by ow-
ing into the less interating layer.
The phase diagram for this HSL is very rih. We ob-
serve six dierent phases, three metalli (M1, M2 and M3)
and three insulating (I1, I2 and I3), eah haraterized by
its harge prole, as shown for three illustrative ases in
Fig. 7. The topology of the phase diagram is the same for
any ℓ and the limiting ases U1 → 0 (Setion IIIA) and
U1 = U2 (homogeneous hain) are reovered. On eah
phase diagram of Fig. 7, there are ve MIT lines, labeled
by nI through nV , whih are determined similarly to the
ase U1 = 0 disussed before (see Table I). We get:
line I :
µ−(t, U1) = µ
(
t, U2,
(1 + ℓ)n− 1
ℓ
)
; (50)
line II :
µ+(t, U1) = µ
(
t, U2,
(1 + ℓ)n− 1
ℓ
)
; (51)
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Figure 7: Phase diagram for a ℓ = 1 (nc = 1.5) Hubbard
superlattie with U1 > 0, and three dierent values of U2.
In eah ase there are three metalli (M) phases, and three
gapless insulating (I) phases; gapped insulating phases appear
as horizontal dashed lines. In (a), U2 = 3t and U
∗ ≈ 2.15t
(see text); in (b), U2 = 4t, U
∗ ≈ 2.39t, and Ua ≈ 0.64t; and
in (), U2 = 16t, U
∗ ≈ 3.02t, and Ua ≈ 12.2t.
Table I: This table lists the various metalli (M1, M2 and
M3) and insulating phases (I1, I2 and I3) of Fig. 7 with the
orresponding sub-hain densities. The last olumn shows the
nature of the transition lines between the phases (nI through
nV in Fig. 7). LHB λ and UHB λ respetively stand for lower
Hubbard band and upper Hubbard band in layer λ = 1, 2.
Sub-hain densities Transition line
M1 n1 < 1, n2 < 1 -
⇓ - LHB 1 lls up (nI)
I1 n1 = 1, n2 < 1 -
⇓ - UHB 1 starts to ll (nII)
M2 n1 > 1, n2 < 1 -
⇓ - LHB 2 lls up (nIII)
I2 n1 > 1, n2 = 1 -
⇓ - UHB 2 starts to ll (nIV )
M3 n1 > 1, n2 > 1 -
⇓ - UHB 1 lls up (nV )
line III :
µ
(
t, U1, (1 + ℓ)n− ℓ
)
= µ−(t, U2); (52)
line IV :
µ
(
t, U1, (1 + ℓ)n− ℓ
)
= µ+(t, U2); (53)
line V :
µ(t, U1, n1 = 2) = µ−
(
t, U2,
(1 + ℓ)n− 2
ℓ
)
. (54)
For U1 = 0, the lines nIII , nIV , and nV determine the
phase diagram of Setion IIIA [Eqs. (47)(49)℄.
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One of the onsequenes of a non-zero U1 is to push
the lower metalli phase of Fig. 3 to smaller densities, as
shown in Fig. 7 (M1). In addition to this phase, whih
spans all values of U1 < U2, there are two other metalli
regions (M2 and M3). And in-between metalli phases,
one nds insulating phases, one of whih (I1) is now sta-
ble for n < 1, unlike the ase for U1 = 0. These insu-
lating phases have either nλ = 1, λ = 1, 2, or n1 = 2
(see Table I). One again, there is a `division of labor'
between the two types of sub-hains: while one is gapped
(Mott) or ompletely lled (band), being responsible for
the insulating behavior of the system, the other remains
gapless and so does the system as a whole.
Figure 7(a) shows the phase diagram for U2 = 3t < Uc
(Uc is the same as for the ase U1 = 0). The HSL has a
gap at the density n = 1 for U1 > U
∗ ≈ 2.145608t; this
n = 1 line separates the I1 (i.e., n1 = 1, n2 < 1) and
the I2 (n1 > 1, n2 = 1) gapless insulating phases. For
U1 < U
∗
one goes through a sequene of MIT's, in whih
all insulating phases are gapless.
In Fig. 7(b), we show the phase diagram for U2 =
4t > Uc. As the overall density is inreased from 1 in
the interval Ua < U1 < U
∗
, where Ua ≈ 0.6433t and
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Figure 8: Parameters U∗ and Ua as funtions of U2. The two
urves meet at U2 = 6.25261t.
U∗ ≈ 2.39149t, the system goes through a sequene of
MIT's without ever being gapped. However, for U1 < Ua,
the intermediate I2 (n1 > 1, n2 = 1) and the I3 (n1 = 2,
n2 > 1) gapless insulating phases are separated by the
dashed line at the density nc = (2+ ℓ)/(1+ ℓ), where the
system is fully gapped. Similarly, another gap appears
at the density n = 1 for U1 > U
∗
, whih again separates
gapless insulating phases I1 (n1 = 1, n2 < 1) and I2
(n1 > 1, n2 = 1).
For U2 = 16t > Uc [Fig. 7()℄ and U
∗ < U1 < Ua (now
U∗ = 3.01509t and Ua = 12.1724t) the system is metalli
only below line I, whih approahes n = 1 for large U1;
also, gapped behavior is again observed at densities n = 1
and nc, with all other insulating phases being gapless.
For eah of the regions U1 < U
∗
and U1 > Ua, a `tipped'
metalli phase is observed.
The above disussion indiates that there are speial
values of U1, U
∗
and Ua, whih respetively represent
the `tip' positions of the low- and high-density metalli
phases. Their dependene on U2 an be extrated from
the solutions of
µ+(t, U2) = µ(t, Ua, n1 = 2) = 2t+ Ua (55)
and of
µ+(t, U
∗) = µ+(t, U2), (56)
and are shown in Fig. 8. It should be noted that these
values are independent of the aspet ratio ℓ. As Fig. 8 re-
veals, one should not be misled by the dierent horizontal
sales in Fig. 7: the low-density tip does not reede as
U2 inreases, sine U
∗
atually inreases monotonially
with U2, saturating at Uc as U2 → ∞. On the other
hand, Fig. 8 shows that Ua is only dened above a er-
tain threshold, U2 = Uc, reeting the fat that when the
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Figure 9: The Mott-Hubbard gaps ∆∗S and ∆S,a at the den-
sities n = 1 and nc = (2 + ℓ) / (1 + ℓ), respetively. Here,
U2 = 16t and ℓ = 1.
oupling in layer 2 is small, the situation n1 = 2, n2 = 1
is never realized; above Uc, Ua inreases linearly with U2.
Aording to our previous analyses, these two urves
(whih interset at U2 = 6.25261t) dene regions in the
(U1, U2) plane haraterized by the number of gaps in the
sub-units for appropriate llings, as speied in Fig. 8.
Similarly to the ase U1 = 0, the gaps at the densities
n = 1 and n = nc are given, respetively, by
∆∗S = µ+(t, U1)− µ−(t, U2), (57)
∆S,a = µ+(t, U2)− 2t− U1, (58)
and, again, they do not depend on ℓ. The gaps ∆∗S and
∆S,a, for U2 = 16t, are shown in Fig. 9 as funtions of U1.
The gap at n = 1 [n = nc℄ inreases [dereases℄ linearly
with U1 and vanishes for U1 < U
∗
[U1 > Ua℄.
For the Hubbard model with repulsive interations we
have uσ ≤ vF and uρ > vF .54 For U2 = 4t and U1 = 2t,
the eetive harge and spin veloities for the ℓ = 1 one-
dimensional Hubbard superlattie are shown in Fig. 10
as funtions of n. The eetive harge veloity (full line
in Fig. 10) vanishes upon approahing the insulating
regions as a result of the vanishing harge veloities of
the individual sub-hains uλ,ρ → 0. Thus, cρ shows a
re-entrant behavior as a funtion of n (f. Fig. 7). As
in the homogeneous ase, the eetive spin veloity is
always smaller than the Fermi veloity and only vanishes
in the upper insulating phase (dashed line in Fig. 10).
The dierent behaviors of cρ and cσ an be traed bak
to the the fat that K∗ρ is sensitive to the superlattie
struture, while K∗σ = 1, sine K1σ = K2σ = 1 as a
result of the SU(2) symmetry being preserved.
The preservation of SU(2) symmetry also leads to
Kσ = K
∗
σ = 1. Thus, from Eqs. (26) and (29), the
density-density and spin-spin orrelation funtions for
11
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Figure 11: The orrelation exponent K∗ρ as a funtion of the
band lling n for ℓ = 1 and several values of the oupling
onstants.
the HSL are dominated by 〈O†O〉 ∼ |x− y|−1−K∗ρ . These
terms orrespond to 2kF -CDW and 2kF -SDW in the ho-
mogeneous system. Here, K2ρ < K
∗
ρ < K1ρ and the
density-density and spin-spin orrelation funtions for
the HSL deay faster (slower) than for a homogeneous
system with U = U2 (U = U1). Similarly, pairing or-
relation funtions are 〈O†O〉 ∼ |x− y|−1−Kρ . In spite
of the presene of eetive exponents K∗ρ and Kρ, the
ondition for superonduting quasi-long range order is
again K∗ρ > 1, analogous to the homogeneous ase; this
ondition, nonetheless, remains unsatised.
In Fig. 11, the orrelation exponent K∗ρ of the HSL is
shown as a funtion of band lling, for dierent ℓ = 1
superlatties: HSL-1 with U2 = 4t and U1 = 2t; HSL-2
with U2 = 16t and U1 = 2t; HSL-3 with U2 = 16t and
U1 = 8t. For any ℓ, all metalli phases are haraterized
by 1/2 < K∗ρ < 1. We note that HSL-1 has three metal-
li phases, HSL-2 has two metalli phases and HSL-3 has
only one metalli phase. On the low density side, K∗ρ ap-
proahes 1/2 in ontrast to the ase U1 = 0 (Se. III A), in
whih K∗ρ remains between 1/2 and 1. From Eq. (27) one
sees thatK∗ρ interpolates monotonially betweenK1ρ and
K2ρ as ℓ is varied from 0 to ∞, highlighting the possibil-
ity of a ontinuous `modulation' of a physial parameter
through the tuning of the superlattie struture.
C. Two dierent hoppings: t2 ≥ t1 and Uλ = U > 0
We now onsider two Hubbard hains arranged period-
ially with the same oupling Uλ = U > 0, but dierent
hoppings t2 > t1 (Fig. 2(b)).
48
Initially, the harge tends to aumulate in the layer
with larger hopping (layer 2), beause its hemial poten-
tial is the smallest. Eventually, their hemial potentials
beome equal at the speial density n∗, determined by
µ(tλ, U, n
∗) = 0. Then, for n > n∗, the harge ow is
reversed and proeeds from layer 2 to layer 1. n∗ is in-
dependent of r = t2/t1 and ℓ, and dereases with U (see
Fig. 12).
It is interesting to plot a phase diagram in terms of
the density and the ratio between the two hopping ampli-
tudes, r ≡ t2/t1. We then identify seven dierent phases,
three metalli (M1, M2 and M3) and four insulating (I1,
I2, I3 and I4), as shown in Fig. 12 for U = 4t1 and U = 8t1
with ℓ = 1 and listed in Table II. The value of n∗ lies
within the M1 phase. We mention that several dier-
ent insulating and metalli phases were also found in a
p-merized Hubbard hain in a magneti eld.
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Following the same reasonings as before, the lines in
the phase diagram in Fig. 12 are given by:
line I :
µ(t1, U, n1 = 0) = µ
(
t2, U,
n′I(1 + ℓ)
ℓ
)
, (59)
line II :
µ−(t1, U) = µ
(
t2, U,
n′II(1 + ℓ)− 1
ℓ
)
, (60)
line III :
µ+(t1, U) = µ
(
t2, U,
n′III(1 + ℓ)− 1
ℓ
)
, (61)
line IV :
µ (t1, U, n
′
IV (1 + ℓ)− ℓ) = µ−(t2, U), (62)
line V :
µ (t1, U, n
′
V (1 + ℓ)− ℓ) = µ+(t2, U), (63)
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Figure 12: Phase diagram for a Hubbard superlattie with
dierent hoppings t1 and t2, in terms of lling n and hopping
ratio t2/t1; the on-site oupling is homogeneous and set to
U = 4t1 in (a) and U = 8t1 in (b). There are three metalli
(M) and four insulating (I) phases (ℓ = 1 and nc = (2+ℓ)/(1+
ℓ) ). In (a), r∗ = 1.94847, rc = 2.26984 and ri = 4.4227 and in
(b), r∗ = 3.818576, rc = 1.57735 and ri = 6.02322. Besides,
the values of n∗ are (see text for denition) (a) n∗ = 0.670511
and (b) n∗ = 0.594067.
line VI :
µ(t1, U, n1 = 2) = µ
(
t2, U,
n′V I(1 + ℓ)− 2
ℓ
)
. (64)
Again, the topology of the phase diagrams in Fig. 12 is
the same for any ℓ.
At small densities (I1 phase), harge aumulates in
layer 2 while layer 1 is empty (n1 = 0); the system is
therefore a gapless insulator.
As the density inreases, layer 1 only starts being lled
at n = n′I(r), determined by Eq. (59), whih loates a
transition to a metalli state (M1); see Fig. 12. Further
inrease in the overall density leads to an inrease in both
n1 and n2. When layer 1 beomes half-lled, whih o-
urs at n = n′II(r) as determined from Eq. (60), the
Table II: This table lists the various metalli (M1, M2 and
M3) and insulating phases (I1, I2, I3 and I4) of Fig. 12 with the
orresponding sub-hain densities. The last olumn shows the
nature of the transition lines between the phases (n′I through
n′V I in Fig. 12). LHB λ and UHB λ respetively stand for
lower Hubbard band and upper Hubbard band in layer λ =
1, 2.
Sub-hain densities Transition line
I1 n1 = 0, n2 < 1 -
⇓ - LHB 1 starts to ll (n′I)
M1 n1 < 1, n2 < 1 -
⇓ - LHB 1 lls up (n′II)
I2 n1 = 1, n2 < 1 -
⇓ - UHB 1 starts to ll (n′III)
M2 n1 > 1, n2 < 1 -
⇓ - LHB 2 lls up (n′IV )
I3 n1 > 1, n2 = 1 -
⇓ - UHB 2 starts to ll (n′V )
M3 n1 > 1, n2 > 1 -
⇓ - UHB 1 lls up (n′V I)
I4 n1 = 2, n2 > 1 -
system reenters a gapless insulating state (I2). If r < r
∗
,
where
r∗ =
µ+(t1, U)
µ−(t2, U)
, (65)
upon inreasing the density the system goes through a
gapped phase at n = 1. The dependenes of r∗ with U ,
and of the gap at n = 1,
∆∗r = µ+(t1, U)− µ−(t2, U), (66)
with r, are shown in Figs. 13 and 14, respetively; note
that r∗(U = 4t1) = 1.94847 and r∗(U = 8t1) = 3.818576.
By ontrast, if r > r∗, the system enters a metalli phase
(M2) bounded by n
′
III(r), and n
′
IV , given by Eqs. (61)
and (62).
When inreasing the density above half lling, the
sequene of phases depends ruially on whether r∗ is
smaller or larger than
rc =
µ(t1, U, n1 = 2)
µ+(t2, U)
, (67)
whih, aording to Fig. 13, ours when U < U ≈
4.4191t1 or when U > U, respetively.
Let us rst onsider U < U , whih is the situation
of Fig. 12(a). If r < r∗ < rc, one goes through two
transitions as n inreases: I3 → M3 at n′V [see Eq. (63)℄,
and M3 → I4 at n′V I [Eq. (64)℄. If r∗ < r < rc, the
sequene is M2-I3-M3-I4, until the lattie is ompletely
lled. Another regime is determined by
ri =
µ(t1, U, n1 = 2)
µ−(t2, U)
, (68)
13
0 2 4 6 8 10
U/t1
0
2
4
6
8
10
r=
t 2
/t 1
r
*
r
c
riGapless
Gapless
One gap
Two gaps
_
U/t1
One gap
Figure 13: Parameters r∗, rc and ri as funtions of U/t1.
Here, U = 4.4191t1.
1 2 3 4
r=t2/t1
0
2
4
6
8
10
G
ap
s
∆*
r
∆
c,r
U/t1=8
Figure 14: The Mott-Hubbard gaps ∆∗r and ∆c,r at densities
n = 1 and nc = (2 + ℓ)/(1 + ℓ), respetively. Here, U = 8t1
and ℓ = 1.
whose dependene on U/t1 is also shown in Fig. 13. If
rc < r < ri, the system goes from a metalli (M2) to
a gapless insulating phase (I3), and then, at n = nc,
another Mott-Hubbard gap opens, whih is given by
∆c,r = µ+(t2, U)− µ(t1, U, n1 = 2). (69)
For a xed ratio U/t1, ∆c,r behaves as shown in Fig.
14. Above nc, the gapless insulating state I4 is again
stabilized. It should also be noted that both gaps (∆∗r
and ∆c,r) display universal behavior in the sense that
they do not depend on ℓ. Note also that Eqs. (65), (67),
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Figure 15: The eetive orrelation exponent K∗ρ (ℓ = 1) as a
funtion of the band lling n for dierent values of U/t1 and
r.
and (68) do not depend on ℓ, so that U is also universal.
We now onsider U > U , an example of whih is shown
in Fig. 12(b). For r < rc < r
∗
, one nds the same se-
quene I3-M3-I4, with all insulating phases being gapless.
If rc < r < r
∗
, a gapped insulating phase is rossed at
n = nc. Similarly, for r > r
∗
one goes from a metalli to
a gapless insulating phase (M2 → I3), and again rossing
the Mott-Hubbard phase at nc.
The eetive harge and spin veloities are given by
cν =
u1,ν(1 + ℓ)√
1 + ∆νℓru1,ν/u2,ν + (rℓu1,ν/u2,ν)
2
, (70)
whih vanish for n < n∗ and are smaller than the veloi-
ties of the homogeneous system (cν < uν). Furthermore,
cρ displays re-entrant behavior as a funtion of n.
Finally, the eetive interation parameter K∗ρ is
K∗ρ =
√
1 + ∆νℓru1,ν/u2,ν + (rℓu1,ν/u2,ν)
2
1
K1,ν
+ ℓ 1K2,ν r
u1,ν
u2,ν
. (71)
In Fig. 15, K∗ρ is shown as a funtion of band lling,
for dierent ouplings in superlatties with ℓ = 1: HSL-
A with U = 4t1 and r = 2; HSL-B with U = 8t1 and
r = 2; HSL-C with U = 4t1 and r = 4. Note that
1/2 < K∗ρ < 1 for any ℓ in the metalli phases. The
various ases depited in Fig. 15 show three (A), one (B)
and two (C) metalli phases. In the homogeneous Hub-
bard hain, the density-density and spin-spin orrelation
funtions deay faster when the hopping inreases, sine
Kρ inreases with the ratio t/U . The eetive orrelation
exponent of HSL-C is larger than in HSL-A (see Fig. 15),
beause of the larger hopping amplitude of sub-hain 2
in HSL-C and the `averaging' nature of K∗ρ .
We should stress that in the homogeneous system, the
Luttinger Liquid desription breaks down at half-lling,
14
when a gap opens in the harge (though not in the spin)
setor. In the superlattie, this breakdown ours in the
insulating phases, as a result either of Umklapp proesses
(Mott gap, lower phase of Fig. 3, phases I1 and I2 of
Fig. 7 and phases I2 and I3 of Fig. 12), or of a band in
one of the sub-latties beoming ompletely full or empty
(upper phase of Fig. 3, phase I3 of Fig. 7 and phases I1
and I4 of Fig. 12),
IV. CONCLUSIONS
We have disussed in full generality the properties of
Luttinger liquid superlatties. We have seen how most
features of a onventional Luttinger liquid desription
survive in the superlattie struture. In partiular, a few
eetive parameters, the spin and harge veloities (cρ
and cσ) and the stinesses (K
∗
ν and Kν) are all that is
required for a omplete desription of the low-energy se-
tor. These turn out to be ombinations of the LL param-
eters of the superlattie sub-units ombined in proportion
to their spatial extent. As we have stressed in the Intro-
dution, this opens the way for possible `engineering' of
Luttinger liquids.
This framework was applied to the study of the gen-
eral phase diagram of Hubbard superlatties. It was then
illustrated how one an tune between dierent phases by
an appropriate hoie of superlattie modulation. It was
found that the superlattie displays a variety of metalli
and insulating phases, the most prominent feature being
the appearane of gapless insulating phases, as a result
of the one-dimensional harater of the system; gapped
insulating phases were also found at some speial densi-
ties.
Single-wall metalli arbon nanotubes (SWMN's) seem
to provide a promising route towards realizing these
LLSL's. Indeed, notwithstanding the fat that SWMN's
are, in general, desribed by a less simplisti model (pos-
sibly even with more branhes
24,58
), the LL oupling on-
stant depends on its (true) aspet ratio through
24
Kρ =
{
1 +
8e2
πκ~vF
ln
L
2πR
}−1/2
, (72)
where κ is the dieletri onstant, and L and R are,
respetively, the nanotube length and radius; typially
one has Kρ ≃ 0.2-0.3. More reently, the growth
of intramoleular juntions of SWMN's with dierent
radii has been ahieved with the introdution of a
pentagon and a heptagon into the hexagonal arbon
lattie,
23,39,40,41,42,43,44
so that the fabriation of a su-
perlattie made up of SWMN's with dierent oupling
onstants has beome a onrete possibility.
We therefore expet the phase diagram of this `nan-
otube array' to share several features with the general
Hubbard superlattie. This is beause the only ingre-
dients that enter into the phase determination are the
thermodynami equilibrium ondition and harge on-
servation. In the ase of a Luttinger liquid these an be
easily written down if one knows how the LL parameters
depend on the density
δµ =
π
2L
vρ
Kρ
δN.
Thus, the sequene of insulating and metalli phases that
we have found in Hubbard superlatties should be present
in other systems as well, as they will reet the phase
diagram of the sub-units. We hope this rih variety of
behaviors will stimulate further experimental work along
the lines of arefully ontrolled nanotube arrays.
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Appendix A: WEAK COUPLING BOSONIZATION
OF A HUBBARD SUPERLATTICE
Here we onsider a Hubbard superlattie in weak ou-
pling and show that it is possible to desribe the low-
energy properties in terms of a Luttinger liquid superlat-
tie. The Hamiltonian of a Hubbard superlattie is
H = −t
∑
j,σ
(Ψ†j,σΨj+1,σ + h.c.) +
∑
j
Ujnj,↑nj,↓
− µ
∑
j,σ
Ψ†j,σΨj,σ. (A1)
We fous on the low energy modes near the Fermi surfae,
so that eah fermion is written as
16
Ψj,σ ≈ e−ikF jaΨ−,j,σ + eikF jaΨ+,j,σ, (A2)
where a is the lattie parameter, and the subsripts+ and
− respetively denote right and left movers. The kineti
energy part is then linearized as in the homogeneous ase
H0 = −t
∑
j,σ
(Ψ†j,σΨj+1,σ + h.c.) − µ
∑
j,σ
Ψ†j,σΨj,σ
≈ vF
∑
σ
∫
dx
[
Ψ†−,σ(x)∂xΨ−,σ(x)−Ψ
†
+,σ(x)∂xΨ+,σ(x)
]
.
(A3)
The fermioni elds are given in terms of the bosoni
ones, Φ±,σ, as16
Ψ±,σ(x) =
1√
2πα
U †±,σe
∓2i√piΦ±,σ ,
15
Here α is a uto parameter and U±,σ is the Klein
fator.
15,16
Thus we get
H0 =
vF
2π
∑
ν=ρ,σ
∫
dx
[
(∂xΘν)
2 + (∂xΦν)
2
]
, (A4)
where Φν = (Φ↑ ± Φ↓)/
√
2 and
Θν =
1√
2
[(Φ+,↑ − Φ−,↑)± (Φ+,↓ − Φ−,↓)]. (A5)
We now work out the low energy part of the on-site
Hubbard interation. Again, we use Eq.(A2) to get
Hint =
∑
j
Uj : nj,↑ :: nj,↓ :
≈
∑
j
Uj
[
(J+,j,↑ + J−,j,↑)(J+,j,↑ + J−,j,↑)
+ (Ψ†+,j,↑Ψ−,j,↑Ψ
†
−,j,↓Ψ+,j,↓ + h.c.)
]
, (A6)
where : . . . : denotes normal ordering,16 J±,j,σ =:
Ψ†±,j,σΨ±,j,σ :=
1√
pi
∂xΦ±,σ, and the Umklapp terms have
been negleted. Then
Hint ≈ a
∫
dx U(x)
1
π
(∂xΦ↑)(∂xΦ↓)
+ a
∫
dx U(x)
[
1
(2πα)2
e2i
√
pi(Φ↑−Φ↓) + h..
]
,
(A7)
where h.. stands for hermitian onjugate. In terms of
harge (ρ) and spin (σ) elds we have
Hint ≈ a
∫
dx
π
U(x)
[
(∂xΦρ)
2 + (∂xΦσ)
2
]
+ a
∫
dxU(x)
1
2(πα)2
cos(
√
8πΦσ), (A8)
the last term orresponding to the spin baksattering
interation, whih is irrelevant in the RG sense. Finally,
the low energy Hamiltonian for the Hubbard superlattie
is
H =
vFa
2π
∫
dx
{
(∂xΘρ)
2 +
[
1 +
U(x)
πvF
]
(∂xΦρ)
2
}
+
vFa
2π
∫
dx
{
(∂xΘσ)
2 +
[
1− U(x)
πvF
]
(∂xΦσ)
2
}
.
(A9)
This has the same form as Eq. (7), whih desribes the
Luttinger liquid superlattie.
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